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Abstract 

Continuing our investigations on propositional systems without assumption of the cover- 
ing law, we introduce a quasi-tensor-product of a complete atomic orthomodular lattice 
with a complete atomic Boolean lattice. Thins product has a universal property with respect 
to postulates on propositional systems of coupled physical systems. We use it to describe 
measurements on a purely quantal object by a purely classical apparatus and find no 
nontrivial proposition of the object to be commensurable with its quantal negation. If the 
object is not purely quantal, the central propositions are commensurable. By this, it is 
shown directly that useful apparatuses must have a quanta1 microstructure. 

1. Introduction 

In two preceding papers (1974a,b, henceforth cited as PSM I and PSM II, 
respectively), we have considered propositional systems for quanta1 objects 
for which the covering law is not  postulated. Motives for doing so may be 
found in PSM I. If the covering law is absent, one cannot pass to Hilbert-space 
representation. Therefore the structure of the propositional systems considered 
by us is essentially weaker than that of the usual. The structure required by us 
for a propositional system is that it is always a complete atomic orthomodular 
tattice. 

Since one does not  have the linear structure of Hilbert-space for construct- 

1 Dedicated to the 60th birthday of Professor G. Ludwig 
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ing tensor products, the problem arises how to form the propositional system 
for a compound object, if the propositional systems of the component objects 
are given. There are certain minimal requirements on the propositional system 
of compound objects which we have formulated in lattice-theoretical language 
as Postulate 5 in PSM II. Assuming that propositional systems exist that fulfil 
these postulates, we have formulated measurement processes and derived some 
consequences in PSM II. 

Writing the present paper, we found an error in the proof of  Lemma 2 of 
PSM II: The conjunctive normal form we assumed there to hold is not trL4al 
but wrong in general. Fortunately, we found another proof of  the lemma, such 
that the results of PSM II can be maintained. We give this proof in the 
Appendix. 

In the present paper we construct a propositional system T for the com- 
pound of a quanta1 object with a complete atomic orthomodular lattice L as 
propositional system and a "purely" classical apparatus with a complete 
atomic Boolean lattice B as propositional system. 

We show T to possess a universal property with respect to Postulate 5. T can 
be embedded into any other propositional system that fulfils Postulate 5 for 
given L andB. We call T the  quasi-tensor-product B ® L  ofB andL. We have 
called it a quasi-tensor-product because it is not a tensor product in the 
categorical sense but has a similar universal property. Until now, we have not 
succeeded in constructing such a propositional system in the case where B is 
an arbitrary complete atomic orthomodular lattice. 

For a quantal object with propositional system L and an apparatus with 
propositional system B we then investigate measurement processes. We find 
that the purely classical nature of the apparatus which we have to assume 
imposes severe restrictions on the measurement possibilities: if  the center of  
L is trivial, then no proposition unequal to ~ or I is commensurable with its 
quantat negation. In the language of Ludwig (1970) this result can be stated 
as follows: There are no decision effects. Therefore we have formally shown 
that an apparatus defining decision effects, or, measuring propositions ideally, 
must have a nonclassical microstructure behind the classical macrobehavior 
which enters essentially into the measurement process. I fL  has a nontrivial 
center Z, we show that the propositions in Z are commensurable and can be 
measured together ideally by a "purely" classical apparatus. 

In Section 2 we review shortly the contents of PSM iI that we will use in 
the present paper. The construction of the quasi-tensor-product is given in 
Section 3. In Section 4, measurement processes are considered. 

2. Summary of  Results of PSM H 

Any measurement on a physical object by some physical apparatus pre- 
supposes some coupling of both physical systems defining the compound 
system. Let the propositional systems L of the object, and B of the apparatus, 
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be given. What has to be required for the propositional system of the compound 
system? In PSM II we have written the following postulate.2 

Postulate 5.1. Let T denote the propositional system of a compound 
system; then there are embeddings 

OB:B-+ T and OL :L -> T 

with the property OB(~ ) =~, 0 L (~) =~,  ~ denoting the absurd pro- 
position in any of the three propositional systems. 

Postulate 5.2. Let b E B and a C L. Then O B(b ) is compatible with 
OL(a ), for short OB(b ) ~ OL(a). i f  both b and a are nontrivial and 
nonabsurd propositions, then neither OB(b ) <~ OL(a ) nor OL(a ) <~ OB(b ) 
holds. 

Postulate 5.3. Let there be given B B ~ B and B L ~- L , B  B and B L 
being maximal boolean sublattices in B and L, respectively; then the 
completion by cuts of the Boolean sublattice generated by 
OB(BB) tA OL(BL) is a maximal Boolean sublattice of T. 

If such a propositional system T exists, measurement processes have been 
described in PSM II as follows. Let bin E B denote the infimum of all pro- 
positions imposed as true by the preparation of the apparatus when the measure- 
ment process begins, bou t E B the proposition that is finally to be observed and 
concludes the measurement process. Let U denote the lattice automorphism of 
T that describes the temporal development of the compound system from the 
beginning of the measurement process up to the observation of 0 B (bout). 
Os (bout) will then be true at the observation time if and only if m : = U-1 (OB(bout)) 
is true at the beginning. Let 

(J) a l :  = 1.u.b. (a EL IOL(a ) A OB(bin ) ~ m} 

(jj) ao: = 1.u.b. (a EL  IO L (a ) A O B(bin ) < ~m) 

where ¢ denotes the orthocomplementation in T. Imagine now that a long 
series of experiments has been carried out under the same conditions and bout 
has occurred in every single case. Then, by the very meaning of the order 
relation in T, we have 

O L (a l ) A O B(bin ) <<. m 

and conclude al to hold true for the ensemble of object systems. If bou t has 
not occurred in any single case, we have 

OL(ao) A OB(bin ) <~ Cm 

In this case a o is concluded to be true for the ensemble of object systems. 
Different propositions in L, which may be detected by several different 

2 Since we do not  consider mainly questions in this paper, but only" propositions, we do 
not use the bracket notation as in PSM I or PSM II. 
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outcomes possible at the end of one and the same measurement process, are 
called coexistent or, by the very meaning of the word, commensurable. For 
example, al is commensurable to a 0. 

In general, we do not have a 0 =tpa I , but rather ao ~< 9al ,  where ~ denotes 
the orthocomplementation in both B and L. In Theorem 3 of PSM II we have 
proved that ao = ~al holds true, if and only if the three relations 

(i) OB(bin ) ~" m 

(ii) OL(al) A OB(bin ) = m A OB(bin ) 

(iii) OL(ao) A OB(bin ) = Srn A 0B(bin ) 

hold. It is generally assumed in quantum theory that any proposition a in L is 
commensurable with its quantal negation ~oa. Hence the existence of at least 
one apparatus is assumed such that al = a and ao = ~oa. 

Another general assumption is that compatibility is equivalent to com- 
mensurability. We have shown in Theorem 4 of PSM II that commensurability 
implies compatibility in our scheme, but we could not show formally that the 
converse also holds. 

In the sequel, an isomorphism or monomorphism is always understood to 
be a bijective or injective lattice morphism, respectively, which is natural with 
respect to the whole structure of propositional systems. We call any map that 
preserves the lattice operations A and V a lattice morphism. By "embedding" 
we mean a monomorphism that preserves arbitrary joins, and, since naturality 
holds with respect to the orthocomplementation, itpreserves arbitrary meets 
too. 

3. Construction of  the Quasi-Tensor-Product 

Our propositional systems are complete atomic orthomodular lattices. The 
covering law is not assumed to hold. Hence there is no known procedure to 
construct a propositional system T that verifies Postulate 5 with respect to the 
given propositional systems B and L. So it is not clear whether such a T exists 
in general. 

We now construct such a T in the special case that one of the given proposi- 
tional systems, say B, is Boolean. 

Denote by d ( N )  the subset of atoms of some lattice N. Consider the set 
~/(B, L) of all mappings 

f :  ~ ( B )  -~ L 

For f, g E JZ(B, L) we write f<~g if and only if f(e) <~g(e) for every e E ~ ( B ) .  
Obviously, by this, ~ ( B ,  L) is endowed with an antisymmetric partial ordering. 
Let ~ denote the orthocomplemerrtation i n L. We defime 

: .//4(B, L) -+ .//4(B, L) 

f~--~ ~ o f  



PROPOSITIONAL SYSTEMS AND MEASUREMENTS. III  779 

Proposition 3.1. If L is a complete atomic orthomodular lattice and 
B is a complete atomic Boolean lattice, then JI(B, L) is a complete 
atomic orthomodular lattice. The orthocomplementation on Jg(B, L) 
is given by ~. 

Proof. Infima and suprema on arbitrary families ( fk}  k~Yr ~-- ~g (B, L) are 
obviously given by 

Afk: ~(B)-~ L 
k E..Y" 

e ~  A fk(e) 
I¢ ~ J¢" 

and 

V fk: .~(B)-->L 
kE#g"  

~I~ V .rk(e) 
k E ~':f 

Since L is complete, so is ,g(B, L). The lowest element of./g(B, L) is given by 
the mapping ~¢(B) -> {~}, where g denotes the lowest element in L. Analogously, 
the greatest element of J l (B,  L) is given by the mappingS(B) --> {I), where I 
denotes the greatest element in L. Since no confusion arises, we denote these 
mappings in ~g(B, L) also by ~, and I, respectively. 

The relations ~ ( f ) A f = f &  ~ ( f ) V f = I ,  ~0(g)~< ~( f ) i fg~>f ,  and ~ o ¢ ( f ) = f  
are easy to check for f, g E Jg(B, L) by inserting an arbitrary e E d (B)  into 
the respective functions and finding the relations true in L. Analogously, one 
shows that f<~g implies g = f V  [~(f) Ag].  Hence ~'(B, L) is orthomodular. 

For any pair (eo, e) E sg(B) x ~¢(L) define 

f eo , e  : d ( B )  ~ L  

e ~ { ;  i f e = e °  
otherwise 

feo,e is obviously an atom in Jg(B, L). Now let f E  J///(B, L), f~;~,  say f(~) ~ .  
Since L is atomic, there is an ? E ~¢(L) such that ~ ~< f(~). Hence f~, ~ <~ f. This 
proves d//(B, L) to be atomic. [] 

Define now 
r:L -~ Jg(B, L) 

by r(a)(e) = a, a E L, e E d ( B ) ;  i.e., z(a) maps any e E ~¢(B) into a E L. 
Moreover, define 

a :B - ,  ~ ( B ,  L)  

such that for b E B, a(b)(e) = I if e <~ b, and a(b)(e) =~ otherwise. Then we 
have the following. 

Proposition 3.2. r and a are embeddings of L and B into d//(B, L), 
respectively, which fulfil postulates 5.1-5.3. 
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Proof. The embedding property of r is obvious. Since B is assumed to be 
complete, atomic, and Boolean, B is isomorphic to the lattice of subsets of 
~/(B) in the natural way, which is isomorphic to the lattice of the character- 
istical functions of  d (B) .  But a(b), b E B, is nothing but the characteristic 
function for the set of  atolns {e E d ( B ) ] e  ~< b}, if the values {~, I} are 
replaced by {0, 1}. In this way one easily infers that a is an embedding. Since 
r(~) = ~,  r(I) = I,  a(~) = ~, and o(/) = I ,  Postulate 5.1 holds. 

We next show postulate 5.2 to hold. For the first part, we note that 
MI(B, L) is orthomodular. Hence we only have to prove the equation 
[r(a) A o(b)] V [r(a) A ~ o o(b)] = r(a), a ~ L, b EB, since then r(a)+~ o(b) 
by a welt-known theorem (Piton, 1964). This is easily done by evaluating the 
respective functions for arbitrary e E d ( B ) ,  by recalling that o(b) takes only 
values in {~, I}  -~L, and that o(b)(e) = ~is  equivalent to ~ o o(b)(e)=I. In 
order to show the second part, assume r(a) <~ o(b) to hold. Then r(a)(e) =a <~o(b)(e) 
for every e E d ( B ) .  Hence a ~ ¢  implies o(b)(e) = I for every e E d (B) ,  i.e., 
b =I.  On the other hand b ¢ I implies a = ~ .  Assumption of ~(b) ~<r(a) leads 
to similar results. Hence Postulate 5,2 has been proven. 

We now have to show Postulate 5.3 to hold. This will be done by several 
steps. For an arbitrary maximal Boolean sublattice B L of L let M denote the 
Boolean sublattice generated by o(B) U r(BL) and let Nt denote the infimum 
of all complete Boolean sublattices of J#(B, L) that contain M. Moreover let 
N denote the set of  functions in Jt(B, L) with range contained in BL. 

We showN = M.. Let f E N ,  b @ B, and c E BL , then f ~  o(b) a n d f ~  r(c), 
such that we have the identity 

f=fA [ V (:l(~)l = V [fA o(~)] [ ~..,,(B) ] ~ ¢ ( B )  

= V [r(f(e-'))A o( )1 ~e.#(B) 
Since r(f(~)) A o(~ EM, f E M .  Hence N _ ~r. Equality in the latter relation 
is implied i f N  is a complete Boolean lattice that contains o(B) U r(BL). The 
range of functions in o(B) is in {~,/}, and the range of functions in ~(BL) is in 
BL ; thus o(B) U r(BL) c N. Since BL is maximal Boolean in the complete 
lattice L, Br. is complete, and, in consequence, N is closed with respect to 
arbitrary meets, joins, and the orthocomplementation 4. Moreover, N is 
Boolean. 

We s h o w n  to be maximal Boolean in rid(B, L). Letg @~g(B, L),g ~ f f o r  
any f E N ;  then g +~ o(b) and g ~+ r(c) for any b E B and any c EBL.  Hence, 
by the same argument as above showing us that N - M, we have g E M = N. 

In order to show that N equals the completion by cuts of M we use a result 
of McLaren (1964, Theorem 2.5). A subset W of a partially ordered set S is 
called join dense, if any element s E S is a finite or arbitrary infinite join of 
elements of W. McLaren has shown that the completion by cuts of an 
orthocomplemented lattice is isomorphic to the completion by cuts of any 
join dense subset. Now h CNt implies h ~ e(b) and h ~ r(c) for any b EB and 
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any c EBL,  such that h is the union of {~-(h(~))/~ o(~) l e C d(B)} ,  which is a 
subset of  M. Hence, the completion by cuts of 3~ is isomorphic to the com- 
pletion by cuts of  M. On the other hand, the completion by cuts of the 
completelattic 9 M coincides with ~-~. So, for the completion by cuts 2~/of M, 
we haveM = M = N. [2] 

Corollary 3.3. (1) Let Z denote the center of  L. Then the completion 
of ~-(Z) U o(B) is in the center of rig(B, L). (2) In case Z is trivial, 
o(B) coincides with the center ofJg(B, L). 

Proof Statement (1) holds true if T(Z) u o(B) is in the center of JZ(B, L). 
Now, g ~  -A'(B, L) is in the center iff(e) = [g(e) Af(e)] V [~0g(e) Af(e)] holds 
for any f E  J//(B, L) and any e E d ( B ) .  For g E o(B) we have g(e) E (Z,  I}, 
hence the equation is trivial. For g E ~-(Z), i.e., g(e) = a, a E Z, for any e E d ( B ) ,  
the equation also is trivial since f(e) E L. Thus statement (1) is proved. 

In order to prove statement (2) assume f E Z~z, Z ~  denoting the center of 
Jg(B, L). Then f +~ g for any g E ~ ( B ,  L) and, especially, f(e) +~ g(e) in L for 
any e E d ( B ) .  Since Z is supposed to be trivial, f(e) E (~ , I} .  Hence f =  a(a), 
where a: = V (e l f (e)  = I }  in B. So Zjz ~- o(B). But a(B) c Z ~  by statement 
(1). Hence a(B) = Z ~ .  [~ 

We are now going to show that ./¢l(B, L)  has a universal property with 
respect to Postulates 5.1-5.3: JI(B, L)  can be embedded into any lattice T 
fulfilling Postulates 5.1-5.3 with respect to B and L. 

Lernma 3.4. Let T be any complete atomic orthomodular lattice such 
that embeddings 

OB:B-+ T OL :L -+ T 

exist, which verify Postulates 5.1-5.3. Let Jff: = o(d (B) )  U "c(d(L)). 
Then any mapping ~: X ~  T, for which the diagrams 

T j Y  ~- T 

d (B) d (L) 

are commutative, can be extended uniquely to a lattice monomorphism 
~: ~I(B, L)  "+ T, which preserves arbitrary joins. 

Proof. The atoms of ,A'(B, L) are obviously the elements of the form 
fe,~: = o(e) A ~-(e), (e, e) varying in d ( B )  x d ( L ) .  We havefe,e(a ) = I A  e = e 
for ~ = e,fe,e(~ ) =~ otherwise. Since #g(B, L) is atomic, a n y f E  ./A/(B, L) can 
be represented by 

f= V 
(/, k ) ~ J  
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where J is some suitable indexing set and (ei, el¢) E ~(B) x d(L), (i, k) E ,/. 
Let J l  : = {it(i, k) E J ,  k suitable} and for any i E J l  let j ( i )  = {k I (i, k)@ J ,  
i fixed}. The indexing sets can always be chosen in such a manner that ei~ e] 
whenever i ~ ] (i, ] E J 1)- Thus the representation of f can be written as 

In the following, all indexing sets for elements fE.M(B, L) are assumed to 
be of that kind. 

We.will show that ~(f) is given by 

or(f) = V [• o a(ei) A ~t o r(ek)] 
(i, k)~: 

when fE  M//(B, L) is represented by 

f =  V [a(ei) A r(ek)] 
(i, k ) ~ :  

We have to show that a( f )  is defined independently of the particular representa- 
tion and that a extends &. 

We prove that a, if it is well defined, is an extension of & We have 

o r(e) = V [0B(e) A 0L(e)] 
eE ~¢(B) 

=[e~s~(B)V OB(e)] AOL(e)=OL(e)=~or(e ) 

and, if {ek}k~"  c sO(L) is such a family that 

V ek = I  
kE,Yf 

°t°°(e)= k~.cgV [OB(e)AOL(ek) ] =OB(e)/' [kLOL(~k)] =OB(e)=~t°°(e) 

The representation of r(e) by atoms is unique, hence ~ is well defined on 
r(~d(L)). The representations of o(e) by atoms are easily seen all to be of the 
form used above, hence 0~ is well defined on o(~¢(B)). 

We now prove that o~ is also well defined on any other dement of.//c'(B, L). 
It is obviously well defined on the atoms of,/#(B, L), i.e., the elements repre- 
sented uniquely by a(e) A r(e), (e, e) E ~¢(B) x ~¢(L). In the general case, 
assume 

f= V (kV (2i , fei, ek) ='Y"-~I [ V (j):~', ~'ml 
• t ' / 

Now f(e) ~ ~ if and only if there is an i C J1 such that e = e i, and, anatogeously, 
there is a ] E J : l ,  too, such that e = F/. Since we consider only indexing sets 
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of the kind that i ~ e i and ] ~ ~i are injective, we conclude that there is a 
bijection /¢ : J l  -+ ~1 such that e i = ~K(i) for all i C J l .  Recalling the 
property of functions re, ~, we have 

f ( e )  = V (i ) e k = V " "~m, e = ei 
k ~  m ~ X" ~0) 

Hence, usingfei, ek = (l(ei) A l-(ek) and Postulate 5.2, we deduce 

= m VJ( '~  (i) [~ o O(~t~ ( i ))  A S  o 7"(~m) ] 

Forming the supremum over J l ,  we have 

[ 
= V V . V (i~ [~ o 0%) A a o ~(~k)] 

i ~ J l  [ k E 5 2  z ] ~  Pffl m 

which is the desired result that a(f) does not depend on the particular 
representation off. 

Let there now be given an arbitrary family {gh}h ex~c--'//¢( B, L). The 
relation 

follows directly from the construction of a. Somewhat more involved is the 
proof of 

We have, using Corollary 3.3, 

A g h = ( / ~ e g h ) A  [ V cr(e)}= V [ ( A  gh) Ae(e ) ]  
h E,,~ h e ~ d ( B )  e-~ed(B) h 

I e ~ ) ,~ ~ o,~" 

l e t  

ih ~ J h ,  1 k J , 
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be a representat ion ofg h by a supremum of  atoms. Define 

{ek ) k ~  ~ : = (7  e(h) 
(h, ih)E,L~ th 

where 

= U ((h} x ~'h,1 ) 
hE.~ff 

If  e ¢ ek for all k C c~ff then there is an h E Yf such that gh A o'(e) = ~. This 
follows easily, recalling that  

gh = v  {o(e}2))A[V(ih)'r(e(kh/)]} 
i h E Jh, 1 [k h E Jh, 2 

As a consequence we have A h ~ a e  [gh A o(e)] = Z,  hence 

A gh = Ya~{ e ]~  ~hAo(ek)]}  
h ~  k h 

( h ) C aft, Let now denote L h : 3(f-+ Jh,  1the injections defined through ek = e~h(k ), k 
h E ~ .  Then 

So we have 

A 

= V V [o(ek) 
k E a f  m k E , ~  '~ (k )  

In the latter step we have put 

h E ~  , mk~sf < 

~(k) @ d ( L ) ,  which is possible since L is atomic, and again used Corollary 3.3. mk 
Now, by definition of e¢, we have 

Ol(h6 g h t =  V V ~: [OB(ek) AOL(~:))] 
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On the other hand, we have 

h ~  h ~ g  i h h ,1  k h  

Since the arguments just used to obtain the final expression for A a ~ ¢ g h  
in J / (B ,  L) also apply for computing A n e~e (~(gh) in T, we find 

h~aeA a(gh): kVc{OB(ek, A[hAae(n~j~:~(k) l  OLt'e(h)s'~a ']1 } 

= V V (k) [0B(ek) A 0 g ( ~ ) k ) ]  
k ~ .Yf rn k E JC 

which coincides with the expression we derived for a(Aa ~ae gh). 
In order to show a o ~ = ~ o a, where ~ denotes the orthocomplementation 

in both,  Jd(B, L) and T, we can restrict our consideration to atoms, since by 
naturality of  a with respect to arbitrary meets and joins the general case is then 
implied. Let e E d ( B ) ,  e E ag(L), then a o ~ (o(e) A r(e)) = ~(~ o o(e) V ~ o r(e)) = 
a(o o so(e) V r o so(e)) = 0 B o ~o(e) V Og o ~o(e) = ~ o OB(e ) V ~ o 0g(e) = 
~(O B(e ) A O g (e)) = ~ o ez(a(e) A r(e)), where so denotes the orthocomple- 
mentation in b o t h B  and L. 

Since dr(B, L) is atomic orthomodular and ~ o a = a o 4,  a is a mono- 
morphism if the restriction on atoms is injective. Let e, g ~ d ( B ) ;  e, ~'EaJ(L). 
Then o(e) A r(e) :~ o(~) A r(g) implies that one of  the relations e A ~ = e or 
e A ~ = ~ holds. Hence, OB(e ) A 0B(~) = ~ or Og(e) A Og(~) = ~,  which in turn 
implies OB(e ) A Ok(e) ~t 0B(~) A 0L(g ) since otherwise both sides could be 
shown to equal zero. The latter cannot happen because of  Postulate 5 holding 
for 0B, OL. Since o~(o(e) A r(e)) = 0B(e ) A 0L(e), the statement is proven. The 
uniqueness of  ~ is obvious by the definition of  a. This concludes the proof o f  
Lemma 3.4. [ ]  

We now state the proposed universal property of the lattice ,eli(B, L). 

Theorem 3.5. Let Tbe  any complete atomic orthomodular lattice, 
and 0 B :B -+ T, OL :L -+ T be embeddings such that Postulates 5.1-5.3 
are fulfilled. Then there is exactly one monomorphism a:  JI(B, L)-+ T 
such that the diagram 

~ g ( B , L )  ) T 

B 

is commutative and a is natural with respect to the orthocomple- 
mentation and arbitrary joins. 



786 HELLWlG AND KRAUSSER 

Proof. Since ~: sip --> T, defined by ~ o o(e): = 0B(e ), e E ~¢(B), and 
o r(e): = OL(e ), e E ~(L), .  is the only mapping that makes the diagrams of 

Lemma 3A commutative, the theorem is a direct consequence of Lemma 3.4. []  

Definition 3.6. Given B and L as above, s#(B, L) is called "'quasi- 
tensor-product o f  a complete atomic Boolean lattice B with the 
complete atomic orthomoduIar lattice L,"  and will be denoted by 
B ® L .  

B ® L can be understood as the unique class of isomorphic complete atomic 
orthomodular lattices that is minimal in the sense of Theorem 3.5. In the 
following section we apply this to measuring processes. Before doing so, we 
mention some statements without proof for the special case where L is also 
Boolean. 

Proposition 3. 7. Let Bi (i = 1,2) be complete atomic Boolean lattices. 
Then B1 ® B2 is Boolean. 

Proposition 3.8. Let Bi (/= 1,2) as above, then B 1 @ B 2 is isomorphic 
to B2 ® B1. Moreover, there exists an isomorphism from B1 ® B:  
onto B2 ® BI which is natural with respect to the embeddings of B1 
and B 2 into these lattices, respectively. 

The following proposition gives a hint that out construction is in accord with 
classical point mechanics: the propositional system is the power set ~ (X)  of 
some set X, the phase space. Given another system with phase space Y, the 
propositional system of the compound system i s~(X x It). 

Proposition 3.9. # ( X  x Y)is isomorphic to ~ ( X ) ®  #(Y) .  

4. Measurement Processes 

We now continue the discussion that we began in the second part of 
Section 2, keeping the notation introduced there. L denotes the propositional 
system of a quantum object and B, which is Boolean, the propositional system 
of the apparatus. The coupling between both is assumed to be the quasi-tensor- 
product and is denoted by 1". 

We first assume that L has trivial center and show by the following pro- 
position that there does not exist an apparatus with Boolean propositional 
system which defines a nontrivial oi nonabsurd proposition in common with 
its quantal negation. Stated with the notation of PSM I and PSM II, such 
purely classical apparatus cannot define a question a such that ¢ [a] = [va], 
where [a] is the proposition holding true for all ensembles of objects for 
which the outcome bout always occurs, and [va] is the proposition holding 
true for all ensembles for which the outcome never occurs. Stated in the 
language of Ludwig (1970), this result is that there is no purely classical 
apparatus that defines a decision effect. 

Since the structure that enters ifito the description of physical objects by 
propositional systems is rather elementary, this proves by very general argu- 
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ments that useful measurement apparatuses, which decide sharply between 
the truth of a quantal proposition and the truth of its quantal negation, must 
have a quantal microstructure behind their classical behavior with respect to 
macroscopic observation. 

Proposition 4.1. Let L have trivial center, ao, a 1 E L, bin , bou t E B, 

bin • JZ, bou t ~ ~Z. Moreover, let Ube an automorphism of T, and 
let the relatons (j) and (jj) of Section 2 hold. Then ao = q~al impfies 
al  E {~,/3 inL. 

Proof. By Corollary 3.30B(B ) coincides with the center of T. Hence OB(bin), 
OB(bout), and m = U -a o 0B(bout) are in the center of Z Since a0 = ~aa is 
assumed, we have equalities (ii) and (iii) of Section 2, which are 

OL (al) A OB(bin ) = rn A OB(bin ) 

OL(aO) A OB(bin ) =em A OB(bin ) 

The left-hand sides are in the center of T, too. So there are suitable elements 
da,d o E B  such that 

OB(dl) = OL (al) A OB(bin ) 

O B(do) = O L (aO) A O B(bin ) 

from which we conclude 

OB(dl)<~OL(ai), OB(do)<~OL(ao) 

Since 

OB(dl) V OB(do) = [m A OB(bin)] V [~m A OB(bin)] = OB(bin ) ~Sg 

OB(dl) ~ 2S or OB(do) 5 ~ ~. By Postulate 5.2 the first case leads to O c(al) = I, 
and the second to OL(ao) = L Since a o = ~a 1, the statement is proved. [~ 

We now assume L to have nontrivial center Z and generalize Proposition 
4.1 showing that all elements of the center of L are commensurable. The 
apparatus, which we will construct, has Boolean propositional system B. 

We take B to be isomorphic to Z and identify both. This is possible since 
Z is a complete atomic Boolean lattice. Then L can be represented as 

L = @ [~,e]  
e e l ( z )  

where ~ ( Z )  is the set of atoms of Z and square brackets denote formation of 
segments. We introduce for e E ~ ( Z )  

¶(e) :L -+ [~,e]  

a ~ e A a  

Then we have for f E Z ® L the formula 

f (e)= V ¶ ( ~ o f ( e ) ,  e E d ( Z )  
"g E s~ (z) 
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which we will use freely in the following. Constructing a measurement process 
in Z ® L showing the elements of Z to be commensurable, we have to fix an 
element bin E Z, an isomorphism bout:Z -+ Z, and an automorphism 
U : Z ® L  ~ Z  ® L ,  such that for any z ~ Z  

7"(Z) A o(bin ) = re(z) A o(bin ) 
and 

"f(~O(Z)) A o(bin ) = ~m(z) A o(bin ) 

hold, where re(z) : = U -1 o e o bout(Z ). The second equation can be dropped, 
since the first will be proved for all z E Z and bout being an isomorphism. Then 
detecting the proposition z E Z on the object system means that bout(z ) has 
occurred on the apparatus. 

We first construct the mapping U -1 = : V. In order to do this, we make use 
of the L6wenheirn-Skolem-Tarski theorem (e.g., Gr~itzer, t968): Any set 
with cardinal number cog is in bijection with some group of order ~g'. Hence, 
we identify a t (Z)  with a suitable group of cardinality I at(Z) I and denote the 
group composition of Co, e 1 E set(Z) by e o • e. 

Lernma 4.2. The mapping 

V : Z ® L  " + Z ® L  
defined by 

(Vf)(e)  = V ¶(e .  ~) of(R') 
Y,~ se(z) 

f E Z  ® L, e E ~ ( Z ) ,  is an automorphism. 

Proof We prove injectivity. For any f E  Z ® L and arbitrary %, e 1 E sd(Z) 
we have 

(Vf) (eo .e11)  = V ¶ ( e o . e l l . ~ ) o f ( ~  
~d ~ o~ ( z) 

hence the formula 

¶(%)  [Vf(eo" ei'1)] = ¶ ( % ) [ f ( e l ) ]  

Since for g e Z N L f ~ g holds if and only if f(e 1) ~ g(e 1) for some el E d ( Z ) ,  
and the latter being equivalent to ¶(eo)[f(el)] 5 t ¶(Co) [g(el)], for some 
eo E ~ ( Z ) ,  injectivity is easily derived from the above formula. 

We prove bijectivity for the restriction VI d ( z  o L): sC(Z ® L) ~ d ( Z  ® L). 
Recall that these atoms are given by the "characteristic" functions fe o,eo, 
eo ~ ~ ( Z ) ,  eo E d ( L )  (cf. Section 3). 

Let el ,  ~E d ( Z ) ,  eo ~ el,  3 and ~ = el • eo 1. Then, for e E ~ ( Z )  

(Vfeo,eo)(e) = V ¶(e.  ~) Ofeo,%(e-" ) 
"g ~ o~(Z) 

= ¶ ( e .  %)% = f~,eo (e) 

a Notice that atoms in Z are not necessarily atoms in L. 
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since ¶ ( e .  e o)(%) ~ ~ if and only if e .  eo = el ,  which implies e = & Let there 
now be given ~, and eo arbitrarily. Since we can find e o = b-I  . el  ' where e 1 
is the unique e l  E d ( Z )  with eo ~< el ,  surjectivity of  V on the atoms is proven. 
Since V is injective, it is bijective. 

By straightforward computat ion one shows V to be natural with respect to 
arbitrary meets and joins. Hence, V is a bijective lattice morphism. 

We show naturality of  V with respect to the orthocomplementat ion,  if V is 
applied to atoms o f Z  ® L. We have for eo, e E d ( Z ) ,  eo ~ d ( L )  

V o l~(feo,%) (e) = V ¶ (e .  ~) o ~Pfeo ,% ('~) 

V -(~d(Z)\{eo}e" ~ ) V  [ ( e - e o )  A~oeo] 

t V A V = j V eo)] 

= V ~o(~o(e • ~) A %) 
7~ ~z(Z)\{e 0 } 

= ~o A [ ~ e -  ~) A eo ] 
~ .~(z)\(~ o } 

Now let e 1 be the unique element of  d ( Z )  with el  ~> %,  i.e. % A ~0(el) = ~  
and eo A ~0(~) = %, ~ ~ el ,  ~ E d ( Z ) .  Hence 

A [~o(e'~) A eo] = { ?  
~ ~(z)\{eo} 

Let ~ : = e 1 • %1 ; then we have 

V(feo,eo) (e) = fa, eo(e)= A 
~e N(z)\ (eo } 

Hence 

i f e .  e o = e  1 

otherwise 

[¢(e.  ~) A %] 

V o ¢ ( fe0 ,~0)  = ~ o V(feo, Oo) 
Summing up, we have found V to be bijective and natural with respect to 
on the atoms o f Z  ® L, and, Vis natural with respect to arbitrary meets and 
joins. Since Z ® L is complete and atomic, we have found that V is an 
isomorphism. [ ]  

We now put  bin = e0, e 0 E d ( Z ) .  The following temma states that there is 
a unique isomorphism bout :Z  -+ Z, such that,  taking U -1 = V, in ~g(Z, L) for 
any z C Z the equation 

r(z) A a(eo) = [U -1 o o o bout(Z)] A~(eo  ) (*) 

holds true. a and r denote the embeddings of  Z and L in Jg(Z,  L). Hence, 
relations (i)-(iii) o f  Section 2 hold for any z EZ.  
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Lemma 4.3. The mapping ~ -+ eo I • ~, e C ~¢(Z), induces a unique 
automorphism of  Z. Denote this automorphism by bout; then 
equation (*) holds true. Conversely, bou t is uniquely determined by 
(*). 

Proof The mapping ~ --> eo 1 • ~ is a bijection of d ( Z ) ,  hence it induces an 
isomorphism on Z. 

For the remainder of proof we can restrict ourselves on the case z E d ( Z ) .  
For z C ~.~¢(Z) we have 

[Vo a(eo 1- ~)1 (e)A o(eo)(e) 

= { g m ~ ( z )  [(e. ~ )Ao(eo  1. ~)(~)1} A a(eo)(e) 

= [(e" eo 1. ~) A I] A 0(%) (e) 

= ~ A o(eo)(e) = r(~) (e) A o(eo) (e) 

That bou t is uniquely determined by (*) is easy to check. []  
Summing up Lemma 4.2 and Lemma 4.3, we have shown the following. 

Theorem 4.4. Let L be the propositional system of some quantum 
object. The elements of the center Z of L are commensurable pro- 
positions and can be measured together by an apparatus with Boolean 
propositional system B = Z. 

A trivial byproduct of  this theorem is that all propositions of a classical 
system are commensurable by an apparatus with Boolean propositional system. 
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Appendix 

We will give a proof of  Lemma 2 of PSM II. Before doing so, we propose 
some statements that will be used. 

Proposition A.1. Let B1 and B 2 be Boolean sublattices of a complete 
atomic orthomodular lattice T, and let B 1 ~ B 2, i.e., the elements of 
B1 U B2 are mutually compatible. Then there is a Boolean sublattice 
B of Tsuch that B 1 _~ B andB2 ~ B. 

Proof. Let 

M : = ( m C T I m  = A (b~ ')Vb(2)),b( ')EBl,b(2)CB2, 
r ~  

being a finite indexing set 
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Obviously, B1 ~ M and B 2 ~- M. Moreover, all elements of M are mutually 
compatible since a, ak E T, k E Yf, Jdfinite indexing set, a ~ a k implies 
a ~ Ak~zr a k and a +~ V k ~ a  k (e.g., C. Piron, 1964, Theorem IX). 

Mis  closed with respect to the orthocomplementation. We give the proof 
by induction. We have for b(1) E B1, b (2) E B 2 ~(b  (1) V b (2)) = 
($b 0) A S b  (2)) = (~b (1) V ~ )  A (~V ~b(2)). Now let b (1) E B  1 and b (2) EB2, 
n = 1,2, 3 . . . . .  n o + 1, and assume the statement to hold for n <~no. Then we 
have 

n = 1,2, ...,n o + 1 

where b} 1) E B 1, b} 2) E B2 and o~-is a finite indexing set. Hence 

~(n=l,...,no+lA (b(nl)V b(2))) = ]~g]6k [(b}l)Vb}2))V(~b(O+l A ~b(2)+l) ] 

= A { [(b~l) V ~b£1)+1)Vb~ 2)] A [~}')V ~}2)V ~b(n2o)+,)] } 

which has the desired form and is, hence, in M. 
Since M is obviously closed ibrming finite meets, it follows that it is also 

closed forming finite joins. Hence M is a Boolean sublattice of T containing 
B 1 andB 2 as sublattices. [] 

Corollary. M is the Boolean sublattice of T, generated by B1 U B2. 

The proof of the corollary is obvious and will be omitted. By a simple 
Zorn lemma argument, which we also omit, one proves the following 
proposition. 

t~oposition A.2. Let T be as above. For any a E T there is a maximal 
Boolean subtattice B a ~- T such that a C Ba. 

We remark, that any maximal Boolean sublattice of  T is complete (e.g., 
Piron, 1964, Theorem X). 

We now recall some notation and results of McLaren (1964) which we will 
use in the proof of the lemma. Let S be a partially ordered orthocomple- 
mented set. We maintain our notation ff for the orthocomplementation. For 
a, b C S let a J_ b be defined by a ~< if(b). For any subset A -~ S let 
A±: = {s~Sls±a for anya  CA}, andA-"  =A -u-. The system L(S): = 
{A c S IA = A-} of closed subsets of S is partially ordered by inclusion and 
a complete lattice, for which infima equal to set theoretical meets. L(S) is 
orthocomplemented by the mapping A ->A ±. The mapping S-+ L(S), 
a --> {a}- is an embedding. Moreover, L(S) can be identified with the comple- 
tion by cuts of S. 

Note that for one-elementary subsets of S the following formula holds: 

{s) -=  {a~Sla<~s} 
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Let there now be given two complete atomic orthomodutar lattices L 1 and 
L 2. In Postulates 5.1-5.3 replace B by L 1 and L by L2, and assume these 
postulates to hold for a given complete atomic orthomodular lattice T. The 
embeddings of L 1 and L2 into T will be denoted by 0 t and 0 2, respectively. 

Lemma 2 of  PSMIL Let e E d ( L  1) and e E d ( L 2 ) .  Then 
0 l(e) A 02(e ) is an atom of T. 

Proof. Let Be and Be be maximal Boolean sublattices o f L  1 and L2, res- 
pectively, such that e E Be and e E Be. Then, for any b e C Be, be ¢ ;g, be ~ I, 
we have either e ~< be, or e ~ ~Pbe, the latter being equivalent to b e ~< ~0e. 
Analogously, we have for b e E Be, b e ~ yi, b e ~: I, either e ~< b e or b e <~ tpe. 

L e t M  denote the Boolean sublattice generated by 01(Be) U 02(Be) in I". 
From the proof  of  Proposition A. 1 we lmow that any element m E M can be 
written in the form 

m = A °)) V 
r ~ N  

where b (e) @Be and b (e) EBe, ~ being a finite indexing set. Let m ~ ~, and 
rn ~ I. Without restriction of  generality we can then assume that br (e) ~ I and 
b (e) ~ I, r E N,  since the respective terms do not contribute to m. Moreover, 
the case that b! e) = ~ and b¢ e) = ~is  excluded, since then m = ~ would hold. 
We show that for each r E ~ ,  separately, one of  the two alternatives 

Ol (b~ e)) V 0 2(b! e)) ~ 0 l(~Oe ) V 02@e) 

or 

Ol(b (e)) V 02(b(re))• 01(e ) A 02(e) 

holds. The first alternative arises if both b! e) ~< ~0e and b¢ e) <~ ~oe hold true. 
The second arises otherwise. Consider now m EM, m ~ d ,  m ~ I and assume a 
representation of  the above form. If  the first alternative arises for some r E N ,  
we have 

m = A [Ol(b!e))V 02(b~e))] <~ Oa(~e)VO2(~0e ) 
r ~  

If the first alternative arises for no r E ~ ,  we have 

m = A [O,(b(e))VO2(b~e))] >~0 , (e )A02(e )  
r E ~  

Thus we have proven that in M there are no nonabsurd elements that precede 
0t(e) A 02(e). 

We are now going to show the latter statement to hold also for the comple- 
tion of  M by cuts. To that end let ~ E L(M), ~ ~ { d }- and assume that there 
is no element m l E r~ such that m x ~> 0 a (e) A 02 (e). Then m l ~< 0 x (~oe)V 
02(~e) for any ml  Ern. Hence, we have 

r~ < {01 (¢pe) V 0 2(~oe)} - 
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Assume now, on the contrary, that there is an element m2 ~ r~ such that 
m 2/> 01 (e) A 0 a(e). Then 

{0 l(e) A 02(e)}- <~ (m2}-~< 

Identifying now L(M)  with the completion by cuts of  M, we have for 
r~ ~ {2~}- either 

t~ ~< ~(01(e) h 02(e)) orFn>~Ol(e)AOz(e) 
Since the completion by cuts of  M is postulated to be maximal Boolean in T, 
atoms in L(M) must also be atoms in T. This completes the proof  of  Lemma 2 
of PSM II. 
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